Normal form theory is a technique for transforming the ordinary differential equations describing nonlinear dynamical systems into certain standard forms. Using a particular class of coordinate transformations, one can remove the inessential part of higher-order nonlinearities. Unlike the closely-related method of averaging, the standard development of normal form theory involves several technical assumptions about the allowed classes of coordinate transformations (often restricted to homogeneous polynomials). In a recent In this paper, we relax the restrictions on the transformations allowed. We start with the Duffing equation, and show that a singular coordinate transformation can remove the nonlinearity associated with the usual normal form. We give two interpretations of this coordinate transformation, one with a branch cut reminiscent of a Poincaré section. We then show, when the generating problem is linear and autonomous with diagonal Jordan form, that we can remove all nonlinearities order by order using singular coordinate transformations generated by the solution to the first-order linear partial differential equation produced by the Lie Transform method of normal form theory. A companion paper [4] discusses these methods in a more general context and treats a specific example with a nondiagonal Jordan form for the generating matrix.
Duffing's Equation: Removing the Nonlinearities
The second-order problems modeled by Duffing's equation or van der Pol's equation under near-resonance forcing are examples of the behavior that concerns us here. We use the notation of the Duffing example in [1] , Eqn. (37) :
x + ω 2 x + εcẋ + εhx 3 = εR cos (Ωt) (1) where Ω ≈ ω, ε is a small parameter, and the other constants are positive. If we manipulate the variables and parameters in a standard way (see [1] ) by choosing 
and its conjugate.
In [1] , standard methods are used to show that the coordinate transformation
with
can transform the p-equation into the normal form
where
It is the z 2z term that standard normal form theory considers as essential to keep at the cubic order for equations of this type.
Now consider the coordinate transformation from (p,p) to (u,ū) given by
and its conjugate. Explicit computation shows that u (τ ) satisfies a differential equation of the form
By using a coordinate transformation with a logarithmic singularity at u = 0, we have removed the first-order term in ε, including the u 2ū term which normal form theory tells us is essential and irremovable.
A special case of Equation (5) 
Our transformation Equation (7) generates the approximate solution To understand this, consider a different linear operator, corresponding to solutions of the forced harmonic oscillator:
The equation for the corresponding component
There is something special about solutions x(t) for forcing functions in the null space of H. If we force at resonance f (t) = sin(t), then f is in the null space of H : H(f ) = 0, and we see that the particular solution x(t) = t sin(t) is qualitatively different from the solution for f (t) = sin(ωt) for other frequencies ω. If we restrict the class of perturbations and solutions to finite sums of harmonic waves, then there would be no solution to H(f ) = sin(t). Normal form theory makes precisely this kind of restriction: by restricting the perturbations and solutions to be homogeneous polynomials or in the Hamiltonian case to canonical transformations, they have defined away the possibly singular coordinate transformations that we study here.
We now demonstrate, for perturbations of the form f α (t, y) above, that we can find solutions W to the Lie operator partial differential equation
in complete generality by reducing it to an ordinary one. Using the method of characteristics, one discovers (see , p. 11, for a related transformation) that the coordinate transformation from (y, t) to (ξ, τ ) given by
will reduce the partial differential equation to the ordinary differential equation
where the V α = W α /y α are now to be considered as functions of (ξ, τ ) and the G's are equal to the functions on the far right evaluated in the new variables. Our solution (7) removing the O(ε) term in the Duffing equation, was generated using precisely this method.
Concluding Remarks
We have studied the Duffing equation using a new approach to the calculation of an approximate solution. What about our methods in general?
Our use of the method of characteristics is perfectly general: the same coordinate transformations used in the theory of normal forms can be shown [4] 
